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ON CHARACTERIZATION OF MONOMIAL REPRESENTATIONS
OF DISCRETE SUPERSOLVABLE GROUPS
E. K. NARAYANAN AND POOJA SINGLA
Abstract. We prove that an abstract (possibly infinite dimensional) complex
irreducible representation of a discrete supersolvable group is monomial if and
only if it has finite weight. We also prove a general result that implies converse of
Schur’s lemma holds true for certain induced representations of finitely generated
discrete groups. At last, we work out example of infinite dihedral group and prove
that it is a monomial group.
1. Introduction
A representation of a group is called monomial if it is induced from a one di-
mensional representation and a group is called monomial if all of its irreducible
representations are monomial. It is a classical result that a finite nilpotent group
is monomial (see Serre [20, Ch.8]). The proof of this result boils down to the exis-
tence of a non-central normal abelian subgroup. The latter property holds for the
more general class of groups called supersolvable groups. Recall a group is called
supersolvable if there exists a finite invariant normal series such that each quotient
is a cyclic group. Therefore it can be deduced that every irreducible representation
of a finite supersolvable group is monomial (see Serre [20, Ch.8]).
For the case of simply connected nilpotent Lie groups and complex unitary irre-
ducible representations the analogous result appeared in 1962 in the classical work
of Kirillov [11] (see also Dixmier [6, 7]), where he developed the famous orbit method
to construct irreducible representations of simply connected nilpotent Lie groups.
It turns out that every unitary irreducible representation of a simply connected
connected nilpotent Lie group is induced from a unitary character of a subgroup.
In the same article, Kirillov mentioned that many of his proofs work for a more
general class of simply connected completely solvable Lie groups, that is, the groups
that have an invariant normal series such that each quotient is a one dimensional
Lie group. In particular every simply connected completely solvable Lie groups is
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monomial. For results regarding extension of orbit method to completely solvable
Lie groups, we refer the reader to Lipsman [13]. The orbit method of Kirillov can
be extended to more general setting of exponentially solvable Lie groups (see Fuji-
wara [8, 9]). As a consequence one obtains that exponential solvable Lie groups are
monomial (see Bernat et al. [4], Takenouchi [21]).
On the other hand, the complex irreducible unitary representations of finitely
generated discrete nilpotent groups are not necessarily monomial. For example,
I.D.Brown [5] constructed an irreducible unitary representation of discrete Heisen-
berg group that is not monomial. Brown [5] also proved that a unitary irreducible
representations of a discrete nilpotent group is monomial if and only if it has finite
weight. Recall that a representation ρ of G is said to have finite weight if there
exists a subgroup H of G and a character χ of H such that space of H-linear maps,
also called the space of intertwining operators, HomH(ρ|H , χ) is non-zero and finite
dimensional.
Brown’s result [5] motivates the question whether a similar characterization holds
for irreducible representations (unitary or otherwise) of finitely generated discrete
nilpotent groups. That is, if G is such a group and π is an irreducible representation
(not necessarily unitary) of G, then is it true that π is equivalent to IndGH(χ) for some
character χ of a subgroup H if and only if π has finite weight (see the conjecture
by Parshin in [16], see also [1]). We remark that, by IndGH(χ) we mean the finite
induction (see Definition 2.8). Very recently Beloshapka-Gorchinskiy [3] proved this
conjecture for finitely generated discrete nilpotent groups. See also [15] by authors
for a slightly different approach to this problem.
In this paper our aim is to extend the characterization of monomial representations
given by Brown [5] to the class of discrete supersolvable groups. It is not very difficult
to prove that every finite dimensional representation of a discrete supersolvable
group is monomial (see Proposition 4.1). So our main attention will be on infinite
dimensional representations. Note that a nilpotent group is supersolvable if and only
if it is finitely generated. Hence our results extend the analogous results for finitely
generated nilpotent groups. Below we describe the main results of this article.
Let (π, V ) be an irreducible representation of discrete supersolvable group G. Let
H be a subgroup of G and χ be a character of H such that the following subspace
of V is non-zero and finite dimensional.
VH(χ) = {v ∈ V | π(h)v = χ(h)v ∀ h ∈ H}.
In this case, we say π has finite weight with respect to (H,χ). In case (π, V ) is an
irreducible representation of G with finite weight, then our aim is to find a subgroup
H ′ of G and a character χ′ of H ′ such that π ∼= IndGH′(χ′). The plan of the paper
is as follows: In section 2, we collect few required known facts about supersolvable
groups and basic representation theory for the reader’s convenience.
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Recall that a representation V of G is said to be Schur irreducible if EndG(V ) is
one dimensional. It is clear that if V is irreducible then V is Schur irreducible. The
converse clearly holds for unitary representations. However, this does not hold for
non-unitary representations (see [3]). Also recall that for a subgroup H of a groupG,
the radical of H in G, denoted by G
√
H , is the set {g ∈ G | gi ∈ H for some i ∈ Z}
(see Definition 3.3 ). In case G is finitely generated nilpotent group then G
√
H for
any subgroup H of G is a group. However, this need not be true for general G. In
Section 3, we prove the following important sufficient condition for IndGH(χ) to be
Schur irreducible for a subgroup H of a supersolvable group G.
Theorem 1.1. Let G be a discrete supersolvable group and let F denote its Fitting
subgroup. Let H be a subgroup of G and let χ be a character of H such that χg 6= χ
on Hg ∩H for all g ∈ NG( F
√
H ∩ F ) \H. Then IndGH(χ) is Schur irreducible.
In Section 4, we use the above result for the case when (π, V ) is an irreducible
representation of supersolvable G having finite weight with respect to (H,χ). We
show that there exists a subgroup H ′ and its character χ′ such that the induced
representation IndGH′(χ
′) is Schur irreducible and VH′(χ′) is non-trivial. In the proof
we see that finite weight condition is used crucially. The other fact that turns
out to be very important is the existence of a normal subgroup N of an infinite
supersolvable groups G such that G/N is an infinite dihedral group (see Lemma 2.6).
We remark that in case all infinite subgroups of G contain normal subgroups such
that quotient is infinite cyclic then proof turns out to be easier and this is the case
of finitely generated nilpotent groups.
Section 5 is devoted to proving that the obtained induced representation IndGH′(χ
′)
is irreducible because G is a supersolvable group. Recall that Schur irreducibility
need not imply irreducibility and so Theorem 1.1 does not immediately imply irre-
ducibility of IndGH′(χ
′). However, we show that this is indeed the case by establishing
a general result which may be of independent interest. Before we state this result
we define proximate normal subgroups.
A subgroup H of G is called proximate normal if for all g ∈ G, the groups H ∩Hg
are finite index normal subgroups of H and the quotient H/(H ∩ Hg) is abelian.
This is a generalization of the notion of a normal subgroup.
Theorem 1.2. Let H be a proximate normal subgroup of a discrete group G and
let ρ be an irreducible representation of H such that IndGH(ρ) is Schur irreducible.
Then IndGH(ρ) is an irreducible G-representation.
The above result for the case when H is normal was obtained in [3]. For the
case of supersolvable groups, we define a notion of subproximate normal subgroup
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(see Definition 5.3) and show that every subgroup of a supersolvable group is sub-
proximate. We use this with the above general result to prove the following for
supersolvable groups.
Theorem 1.3. Let G be a supersolvable group. Let H be a subgroup of G and let
χ be a character of H such that IndGH(χ) is Schur irreducible. Then the induced
representation IndGH(χ) is an irreducible G-representation.
In section 6, we establish the main result of the article.
Theorem 1.4. Let G be a discrete supersolvable group. An irreducible representa-
tion of G is monomial if and only if it has finite weight.
This is achieved by establishing a non-trivial G−linear map between π (given
finite weight representation) and IndGH′(χ
′) which is irreducible by Theorem 1.3. In
section 7, we discuss the example of infinite dihedral group (D∞) (see Definition 2.2)
in detail and prove the following.
Theorem 1.5. The infinite dihedral group is monomial.
2. Preliminaries
In this section we fix notation and recollect few facts that we use later in the
results.
2.1. Results from Group Theory: We will use the following result very fre-
quently.
Lemma 2.1. ([10, Section 2]) For a finitely generated group G, there exists only
finitely many subgroups of a given index.
Recall a group G is called supersolvable, if there exist k ∈ N and normal subgroups
Ni of G for 1 ≤ i ≤ k such that,
(2.1) 1 = Nk+1 ⊆ Nk ⊆ Nk−1 · · · ⊆ N0 = G,
and for all 0 ≤ i ≤ k groups Ni/Ni+1 are cyclic.
The following examples of supersolvable groups may be useful for the reader to
keep in mind while working out the details.
Example 2.2. (Infinite dihedral Group(D∞)) This is a generalization of finite di-
hedral groups. As a set D∞ consists of tuples (s, z), where s = ±1 and z ∈ Z with
multiplication as given below,
(s, z)(s′, z′) = (ss′, s′z + z′).
It is easy to see that D∞ is a supersolvable group that is not nilpotent.
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Example 2.3. (Generalized discrete Heisenberg group) We shall use GH3(Z) to
denote the following set.
GH3(Z) = {
a x z0 b y
0 0 c
 | a, b, c ∈ {±1} and x, y, z ∈ Z}
Then GH3(Z) is a group under matrix multiplication and we call this generalized
discrete Heisenberg group. This is also an example of a supersolvable group that is
not nilpotent.
Note that a supersolvable group is finitely generated by definition. As subgroups
of supersolvable group are supersolvable, it follows that every subgroup of a super-
solvable group is finitely generated. As mentioned earlier, and is not very difficult
to show, that a nilpotent group is supersolvable if and only if it is finitely generated.
The following result says the relation between supersolvable and nilpotent is deeper.
Definition 2.4. (Fitting subgroup) The Fitting subgroup of G is the subgroup of
G generated by all normal nilpotent subgroups of G.
Lemma 2.5. ([18, Theorem 1.10]) Let G be a supersolvable group and F be its
Fitting subgroup. Then the following are true.
(1) The group F is a nilpotent normal subgroup of G.
(2) The group G/F is a finite abelian subgroup.
It is well known that for any given invariant series of a supersolvble group G of
the form (2.1), the number of i such that Ni/Ni+1 is an infinite cyclic group is an
invariant of the group G (see [19, 5.4.13]). This invariant is called Hirsch length of
G and is denoted by h(G). If N is a normal subgroup of G then N has finite index
in G if and only if h(N) = h(G). In our proofs we will use induction on h(G). An
example of such a result is the following which is crucial for us.
Lemma 2.6. ([17, Lemma 3.8]) Let G be an infinite supersolvable group. Then G
has a normal subgroup N such that G/N is either an infinite cyclic group or an
infinite dihedral group.
Other properties of subgroups of supersolvable group, that we will use, are given
by the following:
Lemma 2.7. (see [19, 5.4.11, 5.4.15])
(1) A torsion subgroup of a supersolvable group is finite.
(2) An infinite supersolvable group contains an infinite cyclic normal subgroup.
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2.2. Results from Representation Theory: Let G be a topological group. By
a representation of G we mean a group homomorphism from G to the set of au-
tomorphisms of a complex vector space V . We denote this by (π, V ). Whenever
meaning is clear from the context, we also denote representation by π or V only. By
a character of a group we always mean its one dimensional representation.
For our case we will only deal with cases where G is a discrete group. For this
case, we use finite induction (also called compact induction) as defined below.
Definition 2.8. (Induced representation) Let H be a subgroup of a discrete group
G and (ρ,W ) be a representation of H . The induced representation (ρ˜, W˜ ) of ρ
from H to G has representation space W˜ consisting of functions f : G → End(W )
satisfying the following:
(1) f(hg) = ρ(h−1)f(g) for all g ∈ G, h ∈ H ;
(2) Support of f is contained in a set of finite number of right cosets of H in G,
and the homomorphism ρ˜ : G→ Aut(W˜ ) given by ρ˜(g)f(x) = f(xg) for all x, g ∈ G.
We denote this induced representation by IndGH(ρ).
Further recall, a representation (π, V ) of a group G is said to have finite weight
if there is a subgroup H and a character χ : H → C× such that the space VH(χ)
defined by,
VH(χ) = {v ∈ V | π(h)v = χ(h)v for all h ∈ H},
is finite dimensional. In this case we say that π has finite weight with respect to
(H,χ). We also need the following results.
Proposition 2.9. Let (π, V ) be an irreducible representation of G such that VH(χ) 6=
0. Then there exists a non-trivial G-linear map, also called intertwining operator,
between G-spaces IndGH(χ) and π.
Proof. Let ρ denote the representation IndGH(χ). Let X = {gi | i ∈ I} be the right
coset representatives of H in G. For a fixed v ∈ VH(χ), letW be the one dimensional
space generated by v. We define functions fi : X → W by fi(gj) = δi,j(v) and extend
these to G so that fi ∈ IndGH(χ) for all i ∈ I. Then any f ∈ IndGH(χ) can be written
as linear combination of fi’s. For any g ∈ G, we have
ρ(g)fi(hgj) = fi(hgjg) = χ(h)fi(gjgg
−1
i gi)(2.2)
Therefore ρ(g)fi is nonzero on gj for gj satisfying gjg ∈ Hgi. Thus ρ(g)fi =
χ(gjgg
−1
i )fj for j such that gjg ∈ Hgi. Now define F : IndGH(χ) → π by F (fi) =
π(g−1i )v on fi’s and extended linearly thereof. Then,
F (ρ(g)fi) = F (χ(gjgg
−1
i )fj) = χ(gjgg
−1
i )π(g
−1
j )v = π(g)π(g
−1
i )v.
This shows that F ∈ EndG(IndGH(χ), π) is a non-zero intertwiner. 
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Lemma 2.10. Let G be a group. Let H and K be two subgroups of G such that K
normalizes H. Let χ be a one dimensional representation of H that is stable under
the conjugation action of K. Let δ be a one dimensional representation of K such
that χ|H∩K = δ|H∩K. Then χ˜ : HK → C× defined by χ˜(hk) = χ(h)δ(k) for all
h ∈ H and k ∈ K is a character of HK such that χ˜|H = χ.
Proof. The one dimensional representation χ˜ is well defined because h1k1 = h2k2
implies h−12 h1 = k2k
−1
1 ∈ H ∩K. Therefore χ(h2)−1χ(h1) = δ(k2)δ(k1)−1. The rest
of the proof follows easily. 
3. Creterion for Schur irreducibiity of induced representation
In this section, we deduce a sufficient condition on pair (H,χ) that implies that
the induced representation IndGH(χ) is Schur irreducible.
Let G be a finitely generated discrete group and H be a subgroup of G. Let
(χ,W ) be a one dimensional representation of H . For g ∈ G, let χg : g−1Hg → C×
be the one dimensional representation of g−1Hg, defined by χg(g−1hg) = χ(h). By
HomH∩g−1Hg(χ, χg), we mean the space of (H ∩ (g−1Hg))-linear maps from (χ,W )
to (χg,W ) when both of these are viewed as representations of the group H∩g−1Hg.
The following result regarding the space of intertwining operators of induced repre-
sentations is due to Kutzko [12]. Its unitary analogue was proved by Mackey [14] in
early 50’s.
Theorem 3.1. (Kutzko [12]) Let G be a discrete group and let H be a subgroup of
G. Let (χ,W ) be a one dimensional representation of H. Then the following are
true.
(1) The space EndG(Ind
G
H(χ)) is isomorphic to the following space of functions.
∆ =
{
s : G→ EndC(W ) | s(h1gh2) = χ(h1)s(g)χ(h2),∀ h1, h2 ∈ H, ∀ g ∈ G
}
.
(2) EndG(Ind
G
H(χ))
∼= ⊕g∈H\G/HHomH∩g−1Hg(χ, χg)
Proof. Here we outline some ideas of the proof which we will use in the proof of
Theorem 1.1. For details see([12], p.2). For any w ∈ W , define the set of functions
fw : G→W by the following.
fw(x) =
{
χ(x)w for x ∈ H
0 otherwise.
Then fw ∈ IndGH(χ). For ψ ∈ EndG(IndGH(χ)), define sψ : G → EndC(W ) by
sψ(g)(w) = ψf
w(g).
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Then Ψ : ψ 7→ sψ gives the required isomorphism between EndG(IndGH(χ)) and
∆. As for the second part, for each g ∈ H\G/H , let ∆g consists of functions in ∆
that have their support on HgH . Then ∆ ∼= ⊕g∈H\G/H∆g.
For all g ∈ H\G/H , we have ∆g is isomorphic to HomH∩g−1Hg(χ, χg) with iso-
morphism given by s 7→ s(g). 
Remark 3.2. In general, when ρ is any representation of a subgroup H of G, the
following result is true by Mackey’s formula (see [22, Chapter 1, Section 5.5, 5.7],
also see [3].
IndGH(ρ)|H ∼= ⊕g∈H\G/H IndHH∩Hg(ρg|H∩Hg).(3.1)
This gives the following description of G-linear maps of IndGH(ρ).
EndG(Ind
G
H(ρ))
∼= ⊕g∈H\G/HHomH(ρ, IndHHg∩H(ρg|Hg∩H)).(3.2)
Further in case the index of H in G is finite and π is an arbitrary representation
of G, then the following vector spaces are canonical isomorphic (see [22, Chapter 1,
Section 5.4]).
HomG(π, Ind
G
H(ρ)
∼= HomH(π|H , ρ).(3.3)
Definition 3.3. (Radical) The radical of a subgroup H of G, denoted by G
√
H, is
the set given by the following.
G
√
H = {g ∈ G | gn ∈ H for some n ∈ N}.
Note that radical need not be a group in general. However situation is nice for
the case of finitely generated nilpotent groups. The following facts about radical are
crucial for us.
Lemma 3.4. Let K be a finitely generated nilpotent group. Then for any subgroup
H of K, the following results are true.
(1) The set K
√
H is a subgroup of K and index [ K
√
H : H ] <∞.
(2) K
√
( K
√
H) = K
√
H.
(3) K
√
NK(H) = NK(
K
√
H).
Proof. Proof follows from Baumslag [2, Lemma 2.8] and Brown [5, Lemma 4]. 
We remark that above results do not hold for the class of supersolvable groups.
Next we prove Theorem 1.1.
For the case when G is supersolvable, the following gives a sufficient condition on
the pair (H,χ) such that IndGH(χ) is Schur irreducible.
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Proof of Theorem 1.1. By Theorem 3.1, it is enough to prove that if g ∈ G such
that I(χ, χg) 6= 0 then g ∈ NG( F
√
H ∩ F ).
Suppose I(χ, χg) 6= 0. By Theorem 3.1, we have I(χ, χg) ∼= ∆g ⊆ ∆. Therefore
by proof of Theorem 3.1, there exists s ∈ ∆ such that s(g) 6= 0. This implies
s(ghi) = s(g)χ(hi) is non-zero for all i. By the given isomorphism between ∆
and EndG(Ind
G
H(χ)), as given in proof of Theorem 3.1, we have s = sψ for some
ψ ∈ EndG(IndGH(χ)). This infers, ψfw(ghi) 6= 0 for all i. But ψfw ∈ IndGH(χ)
and therefore, by definition of induced representation, is non-zero only for finitely
many right cosets of H in G. From this it follows that the sets Hghi can not be
mutually distinct right cosets of H in G for all i. Hence, for h ∈ H and g ∈ G,
there exists κ(h, g), depending on h and g, such that Hghκ(h,g) = Hg. Therefore
ghκ(h,g)g−1 ∈ H .
Let F be the Fitting subgroup of G, by Lemma 2.5, there exists k such that
|H/(H ∩ F )| = k. Consider u ∈ F√H ∩ F . By Lemma 2.5 and Lemma 3.4, there
exists t such that ut ∈ H∩F ⊆ H . Combining this all, we obtain (g(utk)g−1)κ(ut,g) ∈
H ∩ F and therefore g ∈ NG( F
√
H ∩ F ).

4. Existence of Schur irreducible induced representation
Let ρ be an irreducible representation of a discrete supersolvable group G of finite
weight. In this section, we prove existence of a subgroup H ′ and χ′ : H ′ → C× such
that the following hold
(1) VH′(χ
′) 6= 0.
(2) IndG
′
H′(χ
′) is Schur irreducbile.
Firstly, we dispose of the case of finite dimensional irreducible representations of
supersolvable groups.
Proposition 4.1. Every finite dimensional irreducible representation of a discrete
supersolvable group is monomial.
Proof. This proof is on the lines of an analogous result of finite supersolvable groups
(Serre [20, Ch.8]) and is motivated by the analogous result for unitray representa-
tions of finitely generated discrete nilpotent groups as given by Brown [5, Lemma 1].
Let G be a discrete supersolvable group and let H be an abelian normal non-central
subgroup of G. The existence of such group is justified by taking largest i in the
invariant series (2.1) of G such that Ni is not contained in the centre of G. Then
Ni is a normal abelian non-central subgroup of G.
Let (π, V ) be a finite dimensional complex irreducible representation of G. With-
out loss of generality, we can further assume that π is faithful. Representation π is fi-
nite dimensional, therefore there exists a character χ ofH such that HomH(π, χ) 6= 0.
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Consider the subspace VH(χ) of V . Note that VH(χ) is a proper non-trivial subspace
of V . Let S = {g ∈ G | χg = χ} be the stabilizer subgroup of χ. We note that S
is a proper subgroup of G and the group S acts on VH(χ). Further any g ∈ G \ S
maps VH(χ) to VH(χ
g) and VH(χ
g) 6= VH(χ).
We claim that V ∼= IndGS (VH(χ)) and VH(χ) is irreducible as S−representations.
Then induction hypothesis will imply the result because dimension of VH(χ) is
strictly less than that of V . For this, we note that because V is finite dimen-
sional index of S in G is finite. Therefore IndGS (VH(χ))
∼= ⊕g∈G\SVH(χg) and this
is clearly a sub-representation of V . The representation V is irreducible, therefore
V ∼= IndGS (VH(χ)). This in turn also implies VH(χ) is an irreducible S-representation
because V is an irreducible G-representation.

Now onwards we concentrate on the case when π is an infinite dimensional ir-
reducible representation having finite weight with respect to (H,χ). Recall that
the G-space IndGH(χ) is called Schur irreducible if EndG(Ind
G
H(χ))
∼= C. In view of
Theorem 1.1, our aim is to find a subgroup H ′ and its character χ′ such that for all
g ∈ NG( F
√
H ′ ∩ F ) \H ′ we have χ′g 6= χ′ on H ′g ∩H ′. If pair (H,χ) itself satisfies
this condition then we are done. Otherwise we will modify the pair (H,χ) in the
following steps.
4.1. STEP-I. Suppose that there exists g ∈ NG( F
√
H ∩ F ) such that χg = χ on
H ∩Hg and gi /∈ H for any i.
By Lemma 3.4, the group H ∩F is a finite index subgroup of F√H ∩ F . Therefore
there exists high enough of power of g, say gk, such that (H ∩ F )gk = H ∩ F . We
replace gk with g to obtain (H ∩ F )g = H ∩ F and χg|H∩F = χ|H∩F .
Now consider the group H1 = 〈H, g〉, the group generated by H and g. By the
choice of g, we have H1/(H ∩ F ) is an infinite solvable subgroup. Therefore by
Lemma 2.7 there exists a normal subgroup H2 of H1 such that H2/(H ∩ F ) is an
infinite cyclic normal subgroup. Let x(H ∩F ) be a generator of H2/(H ∩F ). Then
for all h ∈ H , we have (hxh−1)(H ∩F ) equals either x(H ∩F ) or x−1(H ∩F ). This
in turn implies that xhx−1((H ∩ F )) equals h(H ∩ F ) or (x2h)H ∩ F . Therefore
every element of the group 〈H, x〉, group generated by H and x, can be written as
xih for some i ∈ Z and h ∈ H . Collecting all these, we obtain that 〈H, x〉 is an
infinite supersolvable group with Hirsch length exactly one more than that of H∩F .
By Lemma 2.6, there exists a normal subgroup N of 〈H, x〉 such that 〈H, x〉/N is
either an infinite cyclic or an infinite Dihedral group.
Lemma 4.2. The group HN/N is a finite abelian subgroup of 〈H, x〉/N such that
either |HN/N | = 1 or |HN/N | = 2.
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Proof. We have (H∩F ) ⊆ (H∩N) and (H∩F ) is a finite index normal subgroup of
H . Now the finiteness of HN/N follows because HN/N ∼= H/(H ∩N). If 〈H, x〉/N
is infinite cyclic then HN/N is trivial and when 〈H, x〉/N is infinite dihedral then
either HN/N is trivial or HN/N is a group of order two. 
We continue with the construction of (H ′, χ′). We also note that by definition
of N and 〈H, x〉, the group H ∩ F is normal in N such that h(N) = h(H ∩ F ).
Therefore index of H ∩ F in N is finite.
Case 1: |HN/N| = 1
In this case, we have H ∩ N = H and therefore H ⊆ N . Further because
H ∩ F ⊆ H ⊆ N , index of H in N is finite. By Lemma 2.1, there exists r such
that H = Hx
r
. Therefore the infinite group generated by xr acts on irreducible
representations of H and χ = χx
ri
for all i on H ∩ F . By Proposition 2.9, we have
EndH(Ind
H
H∩F (χ|H∩F ), χx
ri
) 6= 0 ∀ i ≥ 0.
But IndHH∩F (χ|H∩F ) is finite dimensional and therefore χ = χxrj for some j. Let K
be the group generated by xrj . The space VH(χ) is finite dimensional and invariant
under the action of K. Therefore there exists a character δ, such that
VH(χ) ∩ VK(δ) 6= 0.
We apply Lemma 2.10 for this H , χ, K, δ and obtain a character χ′ = χδ of group
H ′ = HK. we note that because χ′|H = χ, VH′(χ′) is finite dimensional. Further
h(H ′) > h(H).
Case 2: |HN/N| = 2
As HN/N ∼= H/(H ∩ N), we have H ∩ N is an index two subgroup of H . Since
H ∩ F ⊆ H ∩N , so H ∩N is also a finite index subgroup of N . Again by the same
arguments as in Case-1, we can replace x by some high power so that H ∩ N is
normal in 〈H, x〉 and χx|H∩N = χ|H∩N .
Let h ∈ H \H ∩N be such that h2 = h′ ∈ H ∩N . If, hxh−1(H ∩ F ) = x(H ∩ F )
then it is easy to see that we can assume that H is a normal subgroup of 〈H, x〉.
Then as in Case 1, we can extend χ to H ′ = 〈H, x〉. We denote this extension by χ′.
We have χ′|H = χ, therefore VH′(χ′) is finite dimensional. Further h(H ′) > h(H).
To deal with the remaining case we will assume that hxh−1(H∩F ) = x−1(H∩F ).
Consider the space VH∩N(χ|H∩N ) and define the following subspaces.
W± = {v ∈ VH∩N(χ|H∩N) | π(h)v = ±
√
χ(h′)v}.
Then, we have the following.
VH∩N(χ|H∩N) =W+ ⊕W−.
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Therefore any vector v of VH∩N (χ|H∩N) is uniquely written as v = w++w−. Further
by the given hypothesis on VH(χ), either W+ or W− is finite dimensional. Without
loss of generality assume W− is finite dimensional. Argument for W+ is similar. Let
{w1, . . . , wr} be a basis of W−. The group H ∩ N is normal in 〈H, x〉 and χ|H∩N
is invariant under the action of x. Therefore VH∩N(χ|H∩N) is invariant under the
action of x.
Lemma 4.3. There exists a subspace Y of VH∩N(χ|H∩N) such that Y is finite di-
mensional and 〈H, x〉-invariant.
Proof. Let {n1 = 1, n2, · · · , nt} be the set of coset representatives of H ∩ N in N .
Consider finite dimensional subspace Y of VH∩N (χ|H∩N) generated by
{wj, (ρ(ni)wj)+, (ρ(xni)wj)+}
for 1 ≤ i ≤ r and 1 ≤ j ≤ t. The finite dimensional space Y is clearly H-invariant.
For action under x, write
(4.1) ρ(x)ρ(nj)wi = − 1√
χ(h′)
(ρ(x)ρ(nj)ρ(h))wi,
Let nk be a coset representative of H ∩ N in N and hk ∈ H ∩ N such that
xh(h−1njh) = hx−1nkhk. Then we obtain the following.
(4.2) (ρ(x)ρ(nj)ρ(h))wi = ρ(h)ρ(x
−1)ρ(nk)ρ(hk)wi
Now using,
(4.3) ρ(x)ρ(nj)wi = (ρ(x)ρ(nj)wi)+ + (ρ(x)ρ(nj)wi)−,
and (4.1), (4.2), we obtain the following.
(4.4) ρ(nk)ρ(hk)wi =
√
χ(h′) [ρ(x) ((ρ(x)ρ(nj)wi)+)− ρ(x) ((ρ(x)ρ(nj)wi)−)] .
We have (ρ(x)ρ(nj)wi)− ∈ W− so can be written as linear combination of wi’s and
further ρ(hk)wi for hk ∈ H ∩ N is a scalar multiple of wi. Therefore we have,
ρ(x)((ρ(x)ρ(nj)wi)+) ∈ Y . 
Since Y is a finite dimensional 〈H, x〉-invariant subspace of VH∩N (χ|H∩N). There-
fore there exists a vector v ∈ Y and character χ˜ : 〈H ∩N, x〉 → C× such that,
(4.5) ρ(z)v = χ˜(z)v ∀ z ∈ 〈H ∩N, x〉.
Consider the subspace Y0 of Y generated by {v, ρ(h)v}, where v is as defined in
(4.5). Then Y0 is 〈H, x〉 invariant subspace with action of h given by the following.
ρ(h)(ρ(h)v) = χ(h′)v.
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Therefore it is easy to see that both (Y0)+ and (Y0)− are non-trivial. We denote the
above action of 〈H, x〉 on Y0 by ρ0. Define the space V〈H,x〉(ρ0) as follows.
V〈H,x〉(ρ0) = {v ∈ V | ρ(z)v = ρ0(z)v for all z ∈ 〈H, x〉}
Lemma 4.4. The space V〈H,x〉(ρ0) is finite dimensional.
Proof. By definition of ρ0, we have V〈H,x〉(ρ0) ⊆ VH∩N(χ|H∩N). Therefore, we can
decompose V〈H,x〉(ρ0) as follows.
V〈H,x〉(ρ0) = V〈H,x〉(ρ0)+ ⊕ V〈H,x〉(ρ0)−.
We have V〈H,x〉(ρ0)− ⊆ W− and therefore is finite dimensional. To prove the claim,
we need to prove that the space V〈H,x〉(ρ0)+ is finite dimensional. We prove this by
contradiction. In particular we prove that if V〈H,x〉(ρ0)+ is infinite dimensional then
there exists vector spaces Ui satisfying the following.
(1) Space Ui are finite dimensional 〈H, x〉-invariant.
(2) Ui ( Ui+1 ( V〈H,x〉(ρ0) for all i.
(3) ∅ 6= Ui ∩W− ( Ui+1 ∩W−.
But then this contradicts the finite dimensionality of W−. The spaces Ui are con-
structed inductively. Suppose Ui is already constructed then we construct Ui+1 as
follows. Choose vector ui+1 such that ui+1 ∈ V〈H,x〉(ρ0)+ \ (Ui)+ and take Ui+1 to
be space generated by Ui and set S = {ui+1, (ρ(h)ui+1)}. As mentioned earlier, the
space generated by S is 〈H, x〉 invariant and therefore (1) and (2) follows. For (3)
we see that the space generated by S is 〈H, x〉-invariant and as above intersects W−
non-trivially. This completes the proof. 
In case ρ0 is one dimensional, then we take H
′ = 〈H, x〉 and χ′ = ρ0. In case
ρ0 is two dimensional, we have that ρ0 ∼= Ind〈H,x〉〈H∩N,x〉(χ˜). Now since V〈H∩N,x〉(χ˜) ⊆
V〈H,x〉(ρ0). By Lemma 4.4, latter is finite dimensional and therefore V〈H∩N,x〉(χ˜) is
finite dimensional. In any case we see that for obtained tuple (H ′, χ′), we have
VH′(χ
′) 6= 0 is finite dimensional and Hirsch length of H ′ is strictly greater than
that of H . From the proof actually a stronger result follows.
Theorem 4.5. Suppose V is an irreducible representation of a discrete supersolvable
group G having finite weight. Let (H,χ) be such that H has maximum Hirsch length
possible among the pairs (H ′, χ′) with VH′(χ′) is non-trivial and finite dimensional.
Then for any g ∈ G such that χg = χ on H ∩ F , we have gi ∈ H for some i.
Thus now onwards we assume that (H,χ) are chosen so that pair (H,χ) is maximal
with the property that Hirsch length of H is maximum and VH(χ) 6= 0 is finite
dimensional. If for this maximal (H,χ), there exists g ∈ NG( F
√
H ∩ F ) \ H such
that χg = χ on H ∩Hg, we will modify our pair (H,χ) further as given in next step.
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4.2. STEP-II. For the next step, let H0 = ∩NG( F√H∩F )gHg−1 and χ0 = χ|H0 . By
Lemma 3.4 and Lemma 2.1, we have H0 ∩ F is a finite index subgroup H ∩ F and
therefore also has finite index in H . Let,
L = {g ∈ G | χg = χ on Hg ∩H}.
By Theorem 1.1 and Lemma 3.4, we have L ⊆ NG( F
√
H ∩ F ). By definition, the
group H0 is normal in NG(
F
√
H ∩ F ). Define,
L0 = {g ∈ NG( F
√
H ∩ F ) | χg0 = χ0}.
Then H0 ⊆ H ⊆ L ⊆ L0 and H0 is a normal subgroup of L0. If H0 = L0, then
we are done. We claim that L0/H0 is a finite group. For if there exists g ∈ L0 such
that χg0 = χ0 and g
i /∈ H0 for any i. Then again as in the Case 1, we can replace
g with some high power to obtain that χg = χ on H ∩ F . But then gi /∈ H for
any i contradicts maximality of (H,χ) by Theorem 4.5. This implies that L0/H0
is super-solvable group finitely generated by finite order elements which does not
contain an element of infinite order. Therefore L0/H0 is finite by Lemma 2.7. Let
H1/H0 be a cyclic normal subgroup of L0/H0 and let xH0 be a generator of H1/H0.
Let S = (x) be the cyclic subgroup generated by x. Then x normalizes H , therefore
there exists a character δ : S → C× such that
VH0(χ0) ∩ VS(δ) 6= 0.
Then by Lemma 2.10 for these H0, χ0, S, δ, we get that there exists a character χ1
of H1 = H0S that extends χ and VH1(χ1) 6= 0.
Let L1 = {g ∈ L0 | (χ1)g = χ1}. Now L1/H1 is also a finite subgroup of
order strictly smaller than that of L0/H0 and therefore continuing this way, there
exists a subgroup Hk and a character χk of Hk such that Hk = Lk, (χk)|H0 = χ0,
VHk(χk) 6= 0, and (χk)g 6= χk on Hgk ∩Hk for any g ∈ NG( F
√
Hk ∩ F ) \Hk. The last
assertion follows by the fact that F
√
H ∩ F = F√Hk ∩ F . We denote this obtained
pair (Hk, χk) by (H
′, χ′) and this pair is such that IndGH′(χ
′) is Schur irreducible.
5. Irreducibility of induced representation
In this section we prove that for a supersolvable group G, if induced representation
IndGH(χ) is Schur irreducible then it is infact an irreducible representation. The
proofs of this section are modelled on [3, Section 3].
First of all we prove the following general result which is true for all discrete
groups.
Theorem 5.1. Let H be a proximate normal subgroup of a discrete group G and
let (ρ,W ) be an irreducible representation of H such that ρ˜ = IndGH(ρ) is Schur
irreducible. Then the induced representation IndGH(ρ) is irreducible.
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Proof. To prove that IndGH(ρ) is irreducible, we show that it is generated by any
non-zero v ∈ IndGH(ρ) as G-space.
Let H be a subgroup of G. Then by Mackey’s formula for compact induction
(see (3.1)), we have the following.
(5.1) IndGH(ρ)|H ∼= ⊕g∈H\G/H IndHH∩Hg(ρg|H∩Hg).
By the given hypothesis, H ∩ Hg is normal subgroup of H and therefore we have
the following.
(5.2) IndHH∩Hg(ρ
g)|H∩Hg ∼= ⊕h∈H/(H∩Hg)ρhg.
Thus by (5.1) and (5.2), every vector v ∈ IndGH(ρ) can be written as the following.
(5.3) v = v1 + v2 + . . .+ vk(v),
such that vi ∈ IndHH∩Hgi (ρgi) are non-zero. Therefore
(5.4) vi =
li(v)∑
j=1
ρ˜(hjgi)wj,
for hj ∈ H/(H∩Hgi) and non-zero wj ∈ W . We note that if v = w for some w ∈ W ,
then ρ˜(g)v for all g ∈ G is contained in the G-space generated by v. Therefore from
(5.3) and (5.4), it is clear that any v such that v = w generates IndGH(ρ).
We use induction on
∑k(v)
i=1 ℓi(v) to prove the result. For the case when
∑k(v)
i=1 ℓi(v) =
1, then k(v) = ℓi(v) = 1, therefore v = ρ˜(hg)w for some g ∈ H\G/H , h ∈
H/(H ∩ Hg) and non-zero w ∈ W . By multiplying v with ρ˜(g−1h−1) we obtain
that w ∈ W is in the G-space generated by v. Then as mentioned earlier v gener-
ates the whole space IndGH(ρ).
For the case when
∑k(v)
i=1 ℓi(v) > 1, by multiplying with suitable ρ˜(g) for g ∈ G,
we can assume that v1 is such that ρ˜(g1) is identity and therefore v1 ∈ W . Thus we
have the following.
v =
k(v)∑
i=1
ℓi(v)∑
j=1
ρ˜(hijgi)wij,
with g1 and h11 equal to the identity and ℓ1(v) = 1. By multiplying with suitable
element of h, we can further assume that h21 is identity. Note that this preserves
the sum
∑k(v)
i=1 ℓi(v). Thus v is of the following form form.
v = w11 + ρ˜(g2)w21 + ρ˜(h22g2)w22 + · · ·+ ρ˜(hk(v)ℓk(v)(v)gk(v))wk(v)ℓk(v)(v).
Let I be the kernel of w11 under the C[H ] module action on W . The action of H
on W is irreducible. Therefore,
C[H ]/I ∼= C[H ]w11 =W.
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Let I0 = I ∩C[H ∩Hg2]. Recall, the algebra C[H ] consists of linear space generated
by finite support functionals on H . We identify C[H ∩ Hg2] with the subspace of
C[H ] consisting of linear space generated by functionals with their support zero
outside H ∩Hg2. Then, it is easy to see that there exists a well defined non-trivial
C[H∩Hg2]-module map from C[H ]/I to C[H∩Hg2]/I0 by projecting functions with
support outside H ∩Hg2 to zero. This is depicted as below.
C[H ] // //
%% %%❏
❏❏
❏❏
❏❏
❏❏
❏❏
C[H ∩Hg2] // // C[H∩Hg2 ]
I0
C[H]
I
f
88 88rrrrrrrrrrrr
Let J be the kernel of w′ = ρ˜(g2)w21 ∈ IndHH∩Hg2 (ρg2/(H ∩ Hg2)) under the
C[H ∩Hg2 ]-module action. Although IndHH∩Hg2 (ρg2/(H ∩Hg2)) is not necessarily an
irreducible C[H ∩Hg2]-module, still the following holds. Thus
(5.5) C[H ∩Hg2]w′ ∼= C[H ∩Hg2]/J.
We claim that I0 6= J . As otherwise there exists a non-trivial H ∩Hg2-linear map
between W and W g2 given by the following.
W // // C[H ∩Hg2]/I0
∼=
// C[H ∩Hg2]/J   // W g2 .
In the above diagram, last inclusion is true because C[H ∩Hg2]w′ ⊆W g2 and (5.5).
This implies HomH∩Hg2 (ρ|H∩Hg2 , ρg2|H∩Hg2 ) 6= 0. Then by the fact that H ∩ Hg2
has finite index in H and (3.3), we have that the space HomH(ρ, Ind
H
H∩Hg2 (ρ
g2)) is
non-zero. This is a contradiction to the fact that IndGH(ρ) is Schur irreducible (see
Remark 3.2).
Therefore there exists x ∈ C[H ] such that x ∈ (I0 \ J) ∪ (J \ I0). We get for any
h ∈ H and g ∈ G, xhg = h1g˜h2 for some h2 ∈ H , g˜ ∈ H\G/H and h1 ∈ H/(H∩H g˜).
At this moment induction will apply because
∑k(xv)
i=1 ℓi(xv) <
∑k(v)
i=1 ℓi(v). 
The following generalizes the notion of a subnormal group.
Definition 5.2. (Subproximate normal series) A chain of subgroups of H given by
the following,
(5.6) G = Hk ) Hk−1 ) · · · ) H0 = H,
is called Subproximate normal series of length k, if Hi is proximate normal in Hi+1
for all 0 ≤ i ≤ k − 1.
Definition 5.3. (Subproximate normal subgroup) A subgroup H of a group G is
called subproximate normal subgroup if it has a finite subproximate normal series.
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It is well known that every subgroup of a finitely generated nilpotent group is
subnormal. The following lemma shows that the notion of subproximate normal is
an analogous notion for supersolvable groups.
Lemma 5.4. Every subgroup of a supersolvable group is subproximate normal sub-
group.
Proof. Let following be the lower central series of Fitting subgroup F of supersolv-
able group G.
F = γ0(F ) ⊃ γ1(F ) ⊃ · · · ⊃ γk(F ) = [F, γk−1(F )] ⊃ γk+1(F ) = (1)
For a given subgroup H of G, we consider the following chain of groups.
G ⊃ HF ⊃ Hγ1(F ) ⊃ · · · ⊃ Hγk(F ) ⊃ Hγk+1(F ) = H ⊃ (1).
To show that Hγi(F ) is proximate normal in Hγi−1(F ) for all 1 ≤ i ≤ k + 1,
consider finite index normal subgroup (H ∩ F )γi(F ) of Hγi(F ). The groups γi(F )
are characteristic subgroup of normal subgroup F of G, therefore are normal in G.
It follows that (H ∩ F )γi(F ) is normal in Hγi+1(F ).
By definition of F , we have Hγi(F )/((H ∩F )γi(F )) is a finite abelian group. For
all g ∈ Hγi+1(F ), we have ((H ∩ F )γi(F )) is a subgroup of (Hγi(F )) ∩ (Hγi(F ))g.
Therefore (Hγi(F )) ∩ (Hγi(F ))g is a finite index normal subgroup of H for all g ∈
Hγi+1(F ). For the case of subgroup HF of G, result follows because F ⊆ HF ⊆ G
and G/F is a finite abelian group. 
Proof of Theorem 1.3. By Lemma 5.4, every subgroup of a supersolvable group has
a finite subproximate normal series. We use induction on minimum length of a
subproximate normal series of H . In case H is proximate normal subgroup of G,
then result follows by Theorem 5.1. Let minimum length of a subproximate normal
series of H is k. By induction, we assume that result is true for all subgroups
with a subproximate normal series of minimum length strictly less than k. Let
subproximate normal series of H of length k be given as below.
G = Hk ) Hk−1 ) · · · ) H0 = H.
Then IndH1H (χ) is irreducible by Theorem 5.1. Further Ind
G
H1(Ind
H1
H (χ)) is isomorphic
to IndGH(χ); therefore is Schur irreducible. The group H1 has a subproximate normal
series of length k − 1 and therefore result follows by induction.

6. Proof of Theorem 1.4
In this section we prove the main theorem.
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Proof of Theorem 1.4. Firstly we prove the necessary part. For given irreducible
representations (π, V ) with finite weight, let (H ′, χ′) be obtained by section 4. Then
VH′(χ
′) 6= 0 and IndGH′(χ′) is Schur irreducible, which infact is irreducible by Sec-
tion 5. Then I(IndGH′(χ
′), π) 6= 0. By Proposition 2.9, there exists a non-trivial
G-linear map from IndGH′(χ
′) to π. But then both of these representations are irre-
ducible and therefore IndGH′(χ
′) ∼= π. This prove that π is monomial.
Conversely, Let π ∼= IndGH′(χ′) be a monomial irreducible representation of G
acting on representation space V . We prove that VH′(χ
′) is in fact one dimensional
subspace of V and thus proving that (π, V ) has finite weight. Let {gi | i ∈ I} be a
set of double coset representatives of H ′ in G. For each i ∈ I, define functions fi
such that fi(gj) = δi,j and then extended to the whole group G so that fi(hgj) =
χ′(h)fi(gj) for all j. From the definition of Ind
G
H′(χ
′), it is clear that every f ∈ V
can be written as linear combination of fi’s. The representation V is countable
dimensional and irreducible; therefore, also Schur irreducible. By Schur’s lemma
and Theorem 1.1 for any g /∈ H ′, there exists h ∈ H ′ ∩H ′g such that χ(h) 6= χg(h).
For any f ∈ V , we have the following.
π(h)f(g) = f(ghg−1g) = χg(h)f(g) 6= χ(h)f(g),
therefore f ∈ VH′(χ′) if and only if f is non-zero only on trivial coset representative
ofH ′ in G and here it is determined by its value on identity element of H ′. Therefore
VH′(χ
′) is one dimensional.

7. Infinite Dihedral Group
In this section we show that every irreducible representation of infinite Dihedral
group D∞ is monomial. Recall D∞ is semidirect product of Z2 = (s) with infinite
cyclic group (g), with Z2 action given by sgs
−1 = g−1.
Theorem 7.1. Every irreducible representation of D∞ is monomial
Proof. For group D∞, we prove that every irreducible representation is finite dimen-
sional and therefore by Proposition 4.1 is monomial. We prove this by contradiction.
Let π : D∞ → Aut(V ) be an infinite dimensional irreducible representation of
D∞. Consider non-zero v ∈ V , and let W be the space generated by giv for all
i ∈ Z. Now V is irreducible, therefore V = W + s(W ). So we have either sW = W
(and therefore V = W ) or W ( V . In the latter case, we have s(giv) /∈ W for any
i ∈ Z as otherwise sv ∈ W .
Case 1: sW ∩W = (0) For this case, we first note that the sets {giv}i∈Z and
{sgiv}i∈Z form basis of W and sW respectively. Consider the proper subspace W0
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of W defined as below.
W0 = {
∑
i
ai(g
iv) ∈ W |
∑
i
ai = 0}(7.1)
Then W0 + s(W0) is a proper D∞-invariant subspace of V and this contradicts
irreducibility of V .
Case 2: 0 ( sW ∩W (W In this case, there exists non-zero w,w′ ∈ W such
that w = sw′. Consider W1, subspace of W , generated by giw for all i. Then
W1 + sW1 is a a D∞-invariant subspace of sW ∩W and therefore proper subspace
of V contracting the irreducibility of V .
Case 3: sW =W For this case, we denote giv by vi for all i ∈ Z. Then
svi = s(g
iv0) = g
−is(v0). Therefore action of s on W is determined by its action on
v0. Let s(v0) =
∑t
j=r ajvj such that r ≤ t and ar, at are non-zero. Then we have,
s(s(v0)) = s(
t∑
j=r
ajvj) =
t∑
j=r
aj(
t∑
l=r
salvl+j)
By concentrating on the smallest and largest index, we obtain
s(s(v0)) = a
2
rv2r + · · ·+ a2tv2t,
with the condition that middle expression does not involve v2r and v2t. But we have
s(s(v0)) = v0, therefore r = t = 0 and a
2
r = 1. So s(v0) = ±v0 and this determines
s. Again let W0 be a proper subspace of W as defined in (7.1). Then W0 is a proper
D∞-invariant subspace of W , again contradicting irreducibility of V . This implies
that every irreducible representation of D∞ is finite dimensional. 
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